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Approxim
ating surfaces w

ith 
triangle m

eshes

M
anaging the quantity of geom

etry vs the 
quality of the representation

A
ssum

ptions:
S

urfaces represented by triangle m
eshes

A
ccuracy of the approxim

ation is proportional to the num
ber of triangles

C
om

plexity of a surface  is proportional to the num
ber of triangles

O
bjective:

A
lw

ays produce the sim
plest m

esh that satisfies the accuracy required 
by the application
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R
educing rendering cost

S
im

plifying is not the only w
ay to reduce the needed num

ber of triangles
A

t rendering tim
e w

e can do:
View

 Frustum
 C

ulling
D

raw
ing only w

hat is in the view
 frustum

…

view
frustum

culling O
FF

culling O
N
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R
educing C

om
plexity

…O
cclusion/Visibility culling

 
D

raw
ing only w

hat it is probably visible

è
  Im

prove perform
ances, but not sufficient for very large datasets



 
 

S
im

plification 

From
 a com

putational P
oint of view

, fixed the size 
of the solution find the best representation

The optim
al solution in its general form

 is N
P 

H
ard

H
euristics w

orks w
ell 

(even w
ith bounds)



 
 

M
etrics

C
om

puting the “difference” betw
een tw

o m
eshes

G
eom

etric w
ay 

H
ausdorff 

P
erceptual
W

orking in Im
age space

M
any renderings, 
com

puting the difference, 
possibly in a hum

an-like w
ay
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A
ppearance sim

ilarity

D
ifference betw

een tw
o im

ages: (trivial)

D
ifference betw

een tw
o objects:

Integrate the above over all possible view
s

I
1

D
I

1, I
2 =

1n
2 ∑

x ∑
y
d
I

1 x,y,I
2 x,y
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A
pproxim

ation error
Q

uantifies the notion of “sim
ilarity”

Tw
o kinds of sim

ilarity:
G

eom
etric sim

ilarity (surface deviation)
A

ppearance sim
ilarity (m

aterial, norm
al…

)



 

G
eom

etric sim
ilarity

Tw
o m

ain com
ponents:

D
istance function

Function N
orm

:
L

2 : average deviation 
L

inf : m
axim

um
 deviation  - H

ausdorff distance



 
 

H
ausdorff D

istance

S
ym

m
etric version:

D
H S

1, S
2 =
m
ax

x∈
S

1 m
in

y∈
S

2 D
x,y

S
1

S
2D
S

1, S
2 =
m
ax{D

H S
1, S

2 ,D
H S

2, S
1 }



 
 

C
om

puting H
ausdorf D

istance
In a approxim

ate w
ay 

S
am

ple a surface
P

oints uniform
ly distributed over it

For each point x com
pute 

points usually very near to surface, 
U

G
 w

orks w
ell, better than trees

Avg are useful too...

m
in

y∈
S

2 D
x,y
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S
im

plification A
lgorithm

s
Sim

plification approaches:
increm

ental m
ethods based on local updates 

m
esh decim

ation      
           

[S
chroeder et al. `92, ... + others]

energy function optim
ization &

 progressive m
eshes           

[H
oppe et al. `93, H

oppe ‘96, H
oppe ‘97]

quadric error m
etrics

          
 [G

arland et al. ’97]

coplanar facets m
erging  

      
[H

inker et al. `93,  K
alvin et al. `96]

clustering
     

          
       

[R
ossignac et al. `93, ... + others]

w
avelet-based

     
          

   
[E

ck et al. `95, + others]

volum
e-based 

[H
e+ 95, H

e+ 96, A
ndujar+ 02]



 
 

13

Increm
ental m

ethods based 
on local updates

A
ll of the m

ethods such that :

sim
plification proceeds as a sequence of sm

all 
changes of the m

esh (in a greedy w
ay)

each update reduces m
esh size and  

[~m
onotonically] decreases the approxim

ation 
precision

D
ifferent approaches:

m
esh decim

ation
energy function optim

ization
progressive m

eshes
quadric error m

etrics
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…
 Increm

ental m
ethods based on local updates ...

Local update actions:

vertex rem
oval 

edge collapse
preserve location
new

 location

triangle collapse
preserve location
new

 location

rem
ove 

vertex

rem
ove 

face

N
o. Faces

n-2

n-2

n-4



 
 

Increm
ental S

im
p M

ethod

The com
m

on greedy fram
ew

ork:

W
hile m

esh size/precision is satisfactory
select  from

 a priority queue the best elem
ent to sim

plify

Perform
 sim

plification m
odifying the m

esh

update  priority queue according to the m
ods;
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Q
uadric E

rror M
etrics

S
im

p
lification

 u
sin

g Q
u

ad
ric E

rror 
M

etrics     [G
arland et al. Sig’97] 

B
ased on increm

ental  
edge-collapsing

but can also collapse vertex couples  
w

hich are not connected 
(topology is not preserved)
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E
rror H

euristics

 Q
uadric E

rror for S
urfaces

Let n
Tv +d =0  be the equation representing a 

plane
The squared distance of a point x from

 the plane 
is

D
(x) = x(nn

T)x + 2dn
Tx + d

2

This distance can be represented as a quadric
Q

 = (A
,b,c) = (nn

T,dn,d
2)

Q
(x)= xAx + 2b

Tx + c



 
 

Q
uadric 

The  error is estim
ated by providing for each  

vertex v a quadric Q
V  representing the sum

 of 
the all the squared distances from

 the faces 
incident in v

The error of collapsing an edge e=(v,w
) can be 

evaluated as Q
W  (v). 

A
fter the collapse the quadric of v is updated as 
follow

 Q
V = Q

V + Q
W
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 Topology P
reservation

2-M
anifold

 A surface Σ in R
2 such that any point on Σ has an 

open neighborhood hom
eom

orphic to an open disc 
or to half an open disc in R

2

A edge collapse can create non m
anifold 

situations
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Topology P
reservation

Let Σ be a 2 sim
plicial com

plex w
ithout boundary 

Σ’ is obtained by collapsing the edge e = (ab)
Let Lk (σ) be the set of all the faces of the co-faces of σ disjoint 

from
 σ

a
ab

Σ and Σ’ are hom
eom

orphic iff 
Lk (a) ∩

 Lk (b) = Lk (ab)
[D

ey 99]
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Topology P
reservation

Lk(a) ∩
 Lk(b)= {x,y }=Lk(ab)

Lk(a) ∩
 Lk(b) ={x,y,z,zx} 

 {y,z}= Lk(ab)

a

y x

b

a
zy x

b
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Topology P
reservation

M
esh w

ith boundary can be 
m

anaged by considering a 
dum

m
y vertex v

d  and, for 
each boundary edge e a 
dum

m
y triangle connecting e  

w
ith v

d

Think it w
rapped on the surface 

of a sphere
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Lazy heap
S

i suppone di avere uno heap con tutte le 
operazioni

E
straggo da heap e aggiorno la m

esh 
tali operazioni invalidano/m

odificano la m
esh e 

quindi le priorità/validità di parte delle azioni già 
presenti nello H

eap



 
 

Lazy H
eap

D
ue S

oluzioni
Link espliciti elem

enti m
esh->heap e 

aggiornam
ento dello stesso

Lazy update
S

i m
ettono nello heap tutte le nuove operazioni 

con la nuova priorità
Q

uando si estrae un'op dall heap si controlla che 
sia sem

pre valida
D

i tanto in tanto garbage collection sullo heap



 
 

Validità collasso
D

atiO
gni vertice ha una m

arca tem
porale:

quando e' stato m
odificato l'ultim

a volta
O

gni collasso (coppia di vertici) ha una m
arca 

tem
porale

quando è stato inserito nello heap

U
n collasso è valido se
I due vertici non sono stati cancellati
Il collasso e' stato m

esso nello heap piu 
recentem

ente della data di ultim
a m

odifica dei 
vertici



 
 

28 S
im

plification A
lgorithm

s

N
ot-increm

ental m
ethods:

coplanar facets m
erging  

     
[H

inker et al. `93,  K
alvin et al. `96]

re-tiling
    

[Turk `92]

clustering
     

          
       

[R
ossignac et al. `93, ... + others]

w
avelet-based

     
          

             
[E

ck et al. `95]

volum
e-based 

[H
e+ 95, H

e+ 96, A
ndujar+ 02]
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C
lustering

Vertex C
lustering            

       [R
ossignac, B

orrel `93]

detect and unify clusters of nearby vertices  (discrete gridding and 
coordinates truncation)

all faces w
ith tw

o or three vertices in a cluster are rem
oved

does not preserve topology (faces m
ay degenerate to edges, genus 

m
ay change)

approxim
ation depends on grid resolution

(figure by R
ossignac)
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C
lustering -- E

xam
ples

S
im

plification of a table lam
p,  

IBM
 3D

 
Interaction A

ccelerator

10,108 facets
1,383 facets

474 facets
46 facets
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... C
lustering... 

C
lustering  -  Evaluation

high efficiency
very sim

ple im
plem

entation 
low

 quality approxim
ations

does not preserve topology
error is bounded by the grid cell size



 
 

R
E

FIN
E

M
E

N
T 

or 
S

ubdivision S
urfaces
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S
ubdivision S

urfaces

S
ubdivision defines a sm

ooth curve or 
surface as the lim

it of a sequence of 
successive refinem

ents.
S

i parte da una m
esh poligonale

S
i suddivide i poligoni che la com

pongono
S

m
ooth della superficie m

uovendo i vertici

In effetti quello che si vede sono sem
pre 

approx delle vere subdiv surfaces
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E
sem

pio       

G
eri's G

am
e (1997)

Prim
o esem

pio non 
accadem

ico di uso di 
subdivision surfaces 
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S
m

oothness

N
on solo superfici sm

ooth
Variable sharpness creases
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S
ubdivision C

lassification
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S
ubdivision C

lassification
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S
ubdivision 
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D
oo S

abin

P
er m

esh poligonali
D

uale ad ogni vertice corrisponde una nuova 
faccia
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D
oo S

abin
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Loop R
efinem

ent S
chem

e

Funziona per m
esh triangolari

Vertex insertion
O

gni edge è diviso in due e i nuovi vertici sono 
riconnessi per form

are nuovi triangoli
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Loop S
ubdivison

A
pprossim

ante (non interpolante)
C

ontinua 
C

1 su vertici straordinari (valenza !=6) 
C

2 elsew
here
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Loop S
ubdivision
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Loop S
ubdivision

La scelta di B
 non è unica

=
1k  5/8− 38


14

cos 2k 
2
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Loop B
order
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B
utterfly

Interpolante (non approssim
ante)

C
ontinua 
C

0 su vertici straordinari (valenza <4 e >7) 
C

1 elsew
here
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B
utterfly
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B
utterfly S

ubdivision


